Collective excitation modes are a characteristic feature of symmetry-broken phases of matter. For example, superconductors exhibit an amplitude Higgs mode and a phase mode, which are the radial and angular excitations in the Mexicanhat potential of the free energy. In two-band superconductors there exists in addition a Leggett phase mode, which corresponds to collective fluctuations of the interband phase difference. In equilibrium systems amplitude and phase modes are decoupled, since they are mutually orthogonal excitations. The direct detection of Higgs and Leggett modes by linear-response measurements is challenging, because they are often overdamped and do not couple directly to the electromagnetic field. In this work, using numerical exact simulations we show for the case of two-gap superconductors, that optical pump-probe experiments excite both Higgs and Leggett modes out of equilibrium. We find that this non-adiabatic excitation process introduces a strong interaction between the collective modes. Moreover, we predict that the coupled Higgs and Leggett modes are clearly visible in the pump-probe absorption spectra as oscillations at their respective frequencies.
FIG. 1.
Illustration of Leggett and Higgs modes. (a) Illustration of the excitation process for a one band superconductor. The pump laser pulse modifies the free energy F on different time scales depending on the pulse duration τ . For τ h/(2|∆|) the superconductor can follow the change in F adiabtatically, resulting in a monotonic lowering of the order parameter |∆| [inset (II)]. For short pulses with τ h/(2|∆|), on the other hand, the superconductor is excited in a non-adiabatic fashion, which results in oscillations of |∆| about the new minimum of F [inset (I)]. The blue and cyan lines in the two insets represent the Gaussian profiles of the pump pulses. (b) Effective free-energy landscape F for a two-gap superconductor, with green and red representing the Mexican-hat potentials of the smaller and larger gaps, respectively. The amplitude Higgs modes and the phase modes are indicated by red and blue/black arrows, respectively. The Leggett mode corresponds to out-of-phase fluctuations of the phase difference between the two gaps.
non-adiabatic excitation mechanism has recently been demonstrated for the amplitude Higgs mode of the onegap superconductor NbN. It has been shown, both theoretically [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] and experimentally [1] [2] [3] , that a short intense laser pulse of length τ much shorter than the dynamical time scale of the superconductor τ ∆ h/(2|∆|) induces oscillations in the order parameter amplitude at the frequency ω H = 2∆ ∞ / , with ∆ ∞ the asymptotic gap value.
While nonequilibrium collective modes in conventional single-gap superconductors are well understood, the investigation of collective excitations in unconventional nonequilibrium superconductors with multiple gaps, such as MgB 2 or iron pnictides, is still in its infancy [27] [28] [29] . These multicomponent superconductors have a particularly rich spectrum of collective excitations [30] [31] [32] . In this paper, we simulate the pump-probe process in a two-gap superconductor using a semi-numerical approach based on the density-matrix formalism. This method is exact for mean-field Hamiltonians [14, 20] , captures the coupling between the superconductor and the electromagnetic field of the pump laser at a microscopic level, and allows for the calculation of the pump-probe conductivity, as measured in recent experiments [1, 2] . Two-gap superconductors exhibit besides the amplitude Higgs [33] and the phase modes [34, 35] , also a Leggett mode [30] , which results from fluctuations of the relative phase of the two coupled gaps, i.e., equal but opposite phase shifts of the two order parameters, see Fig. 1(b) . In equilibrium superconductors, the Higgs and Leggett modes are decoupled, since they correspond to mutually orthogonal fluctuations. In contrast to the phase mode, both Higgs and Leggett modes are charge neutral and therefore do not couple directly to the electromagnetic field [36] . This has made it difficult to directly detect these excitations with standard linear-response type measurements [37] [38] [39] [40] .
Here, we show that in a pump-probe experiment both Leggett and Higgs modes can be excited out of equilibrium, and directly observed as oscillations in the absorption spectra at their respective frequencies. We find that the non-adiabatic excitation process of the pump pulse induces an intricate coupling between the two chargeneutral modes, which pushes the frequency of the Leggett mode below the continuum of two-particle excitations. Moreover, the frequencies of the Leggett and Higgs modes and the coupling between them can be controlled by the fluence of the pump pulse. Hence, by adjusting the laser intensity the two modes can be brought into resonance, which greatly enhances their oscillatory signal in the pump-probe absorption spectra.
Results
In this work we use numerical exact simulations in order to study the nonequilibrium response of two-gap superconductors perturbed by a short and intense pump pulse. The Hamiltonian describing the superconductor coupled to the pump laser field is given by H = H BCS + H laser , with the two-band BCS mean-field Hamiltonian (1) where is taken over the set W of momentum vectors with |ε kl | ≤ ω c = 50 meV, ω c being the cut-off frequency. The gaps ∆ 1 and ∆ 2 in the two bands are determined at each temporal integration step from the BCS gap equations with the attractive intraband pairing interactions V 1 and V 2 and the interband coupling V 12 = vV 1 . We fix V 1 and V 2 such that the gaps in the initial state take on the values ∆ 1 (t i ) = 7 meV and ∆ 2 (t i ) = 3 meV, and study the dynamics of the two-gap superconductor as a function of the relative interband coupling v. H laser represents the interaction of the pump laser with the superconductor and contains terms linear and quadratic in the vector potential of the laser field, which is of Gaussian shape with central frequency ω 0 = 8 meV, pulse width τ = 0.4 ps, and light-field amplitude |A 0 |. We determine the dynamics of Hamiltonian (1) by means of the density matrix approach and solve the resulting equations of motion using Runge-Kutta integration (see Methods).
Pump response. Pumping the two-band superconductor with a short laser pulse of legnth τ τ ∆ excites a nonthermal distribution of Bogoliubov quasiparticles above the gaps ∆ i , which in turn leads to a rapid, nonadiabatic change in the free-energy landscape F. As a result, the collective modes of the superconductor start to oscillate about the new minima of F. This is clearly visible in Fig. 2 , which shows the temporal evolution of the gap amplitudes |∆ i | and of the phase difference Φ 1 − Φ 2 between the two gaps. From the Fourier spectra in Figs cies ω H1 , ω H2 , and ω L . The two modes at ω H1 and ω H2 only exist in the dynamics of ∆ 1 (t) and ∆ 2 (t), respectively, and their peaks are located at the energy of the superconducting gaps ω Hi = 2|∆
denotes the asymptotic gap value [13] [14] [15] [16] [17] [18] [19] . This holds for all parameter regimes, even as the laser fluence is increased far beyond the linear absorption region (see Fig. 5 ). We therefore assign the peaks at ω H1 and ω H2 to the Higgs amplitude modes of the two gaps. The higher Higgs mode ω H1 is strongly damped, because it lies within the continuum of Bogoliubov quasiparticle excitations, which is lower bounded by 2∆ ∞ 2 . For the lower mode ω H2 , on the other hand, the decay channel to quasiparticles is small, since ω H2 is at the continuum threshold. This is similar to the nonequilibrium Higgs mode of the single-gap superconductor NbN, whose oscillations have recently been observed over a time period of about 10 ps by pumpprobe measurements [1, 2] .
Interestingly, two-band superconductors exhibit a third collective mode besides the two Higgs modes at a frequency ω L below the quasiparticle continuum. This mode is most clearly visible in the dynamics of the phase difference Φ 1 − Φ 2 [ Fig. 2(a) ] and displays a striking dependence on interband coupling strength v. With decreasing v its frequency rapidly decreases, while its in- To obtain a more detailed picture, we plot in Figs. 3 and 4 the energies of the amplitude and phase mode oscillations against the relative interband coupling v. This reveals that for small v the nonequilibrium Leggett mode ω L shows a square root increase, which is in good agreement with the equilibrium Leggett frequency [30, 41] 
where ρ 1 and ρ 2 denote the density of states on the two bands. Indeed, as displayed by the inset of Fig. 3 , Eq. (2) represents an excellent parameter-free fit to the numerical data at low v. For larger v, on the other hand, the nonequilibrium Leggett mode deviates from the square root behavior of Eq. (2). That is, as ω L approaches the Bogoliubov quasiparticle continuum, it is repelled by the lower Higgs mode ω H2 , evidencing a strong coupling between them. As a result, the nonequilibrium Leggett mode is pushed below the continuum and remains nearly undamped for a wide range of v, which is considerably broader than in equilibrium. Moreover, due to the dynamical coupling among the collective modes, ω L and its higher harmonics are observable not only in the phase difference Φ 1 − Φ 2 , but also in the dynamics of the gap amplitudes ∆ i (t) (blue and green circles in Fig. 4) .
A key advantage of measuring collective modes by pump-probe experiments, is that the frequencies of the Higgs modes can be adjusted by the pump fluence. This is demonstrated in Fig. 5 , which plots the dynamics of ∆ i (t) and Φ 1 − Φ 2 as a function of integrated pump pulse intensity |A 0 | 2 τ . With increasing pump fluence, more Cooper pairs are broken up and superconductivity is more and more suppressed, as reflected in the reduction of the gap amplitudes. At the same time, the frequency of the Higgs oscillations decreases, since it is controlled by the superconducting gaps after pumping. Hence, it is possible to tune the lower Higgs mode ω H2 to resonance with ω L , which strongly enhances the magnitude of the collective-mode oscillations Pump-probe signal. Finally, let us discuss how the Higgs and Leggett modes can be observed in pump-probe spectroscopy. In view of the recent THz pump-THz probe experiments of Refs. [1] [2] [3] , we focus on the dynamics of the optical pump-probe conductivity σ(δt, ω) = j(δt, ω)/[iωA(δt, ω)], where δt is the delay time between pump and probe pulses, j(δt, ω) denotes the current density, and A(δt, ω) represents the vector potential of the probe pulse. Since the probe pulse has a weak intensity, we neglect terms of second order and higher in the probe field A(δt, ω). Similar to recent experiments [1] [2] [3] [4] [5] [6] , we take the probe pulse to be very short with width τ pr = 0.15 ps and center frequency ω pr =5.5 meV (see Methods). With this choice, the probe pulse has a broad spectral bandwidth such that the dynamics of the super- conductor is probed over a very wide frequency range.
In Fig. 6(a) we plot the real part of the pump-probe response Re[σ(δt, ω)] versus delay time δt and frequency ω. Clear oscillations are seen as a function of delay time δt. These are most prominent at the frequencies of the lower Higgs and the Leggett modes, ω H2 and ω L , where σ(δt, ω) displays sharp edges as a function of ω. Fourier transforming with respect to δt shows that the dominant oscillations are ω H2 and ω L (and its higher harmonics) [ Fig. 6(b) ]. We therefore predict that both the lower Higgs mode ω H2 and the Leggett mode ω L can be observed in THz pump-THz probe experiments as oscillations of the pump-probe conductivity, in particular at the gap edge 2∆ ∞ 2 / and the Leggett mode frequency ω L . The higher Higgs mode ω H1 , on the other hand, is not visible in the pump-probe signal, since it is strongly damped by the two-particle continuum.
Discussion
Using a semi-numerical method based on the density matrix approach, we have studied the non-equilibrium excitation of Higgs and Leggett modes in two-band superconductors. While the amplitude Higgs and the Leggett phase mode are decoupled in equilibrium, we find that the out-of-equilibrium excitation process leads to a strong coupling between these two collective modes. As a result, the Leggett phase mode ω L is pushed below the Bogoliubov quasiparticle continuum and remains undamped for a wide range of interband couplings (Figs. 3 and 4) . Likewise, the lower Higgs mode ω H2 is only weakly damped, since its frequency is at the threshold to the quasiparticle continuum. In order to maximize the oscillatory signal of these collective modes in the pump-probe spectra, it is necessary to choose the experimental parameters as follows: (i) the pump-pulse duration τ should be smaller than the intrinsic response time of the superconductor h/(2|∆ i |), such that the collective modes are excited in a non-adiabatic fashion; (ii) the pump-pulse energy needs to be of the order of the superconducting gap (i.e., in the terahertz regime), so that Bogoliubov quasiparticles are excited across the gap, but modes at higher energies ω |∆ i | are not populated; and (iii) the pump-pulse intensity must not exceed a few nJ/cm 2 to ensure that the superconducting condensate is only partially broken up, but not completely destroyed. We have predicted that under these conditions both Higgs and Leggett modes can be observed as clear oscillations in the time-resolved pump-probe absorption spectra (Fig. 6) . Similarly, we expect that collective mode oscillations are visible in other pump-probe-type experiments, for example in time-resolved photoemission spectroscopy or timeresolved Raman scattering.
It would be intriguing to extend the present study to unconventional exotic superconductors, where several competing orders are present, such as heavy fermion superconductors or high-temperature cuprate and pnictide superconductors. In these systems the pump pulse could be used to induce a transition from one competing order to another. Furthermore, the unconventional pairing symmetries of these superconductors, such as the d x 2 −y 2 -wave pairing of the cuprates, give rise to a multitude of new Higgs modes [42] . Our work indicates that non-adiabatic excitation processes will induce interactions among these novel Higgs modes, which await to be further explored both theoretically and experimentally.
Methods
Model definition. The gap equations for the BCS Hamiltonian H BCS (see Eq. (1) in the main text) are given by [43] 
where V 1 and V 2 denote the intraband interactions and V 12 = vV 1 is the interband coupling. The two-band su-merical method to compute optical conductivity based on the pump-probe simulations. ArXiv e-prints (2015). 1507.01200.
